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Fluctuating Load

Vast majority of queueing theory: i.i.d. arrivals, i.i.d. service, fixed load.
Reality: correlated arrivals, correlated service, fluctuating load.

Retail:
Checkout line

Restaurants: Datacenters:
Seating Carbon efficiency
Queues with
fluctuating load
Healthcare: Networks:

Emergency room Environment

Your application!
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Model: Markovian Arrivals & Markovian Service

Completion
rate UM
AL — HL

> >

Goal: Simple, explicit characterization
of mean queue length, E[Q]
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Outline

s/ i) """"
MAMS Model
Simple MAMS: 2-level Arrivals aLg“H |I|-|-|-@—>

Drift Method

Relative Arrivals

2-level results -
«— «— «— Break time —» — —

Generalizing to Full MAMS
Applications!
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Simple MAMS: 2-level arrivals

[ Goal: Characterize mean queue length, E[Q] ]

Exp(an)

Time

Exp(ay)
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Prior work on Markov-modulated arrivals

_— |

/ Computational
Methods

Generating functions

[Yechiali & Naor ‘71],
[Gupta et al. ‘06]

Matrix analytic methods
[Neuts ‘78], [Ramaswami ‘80],

Qatouche & Ramaswami ‘99], ...

\

Simple formula for E[O)

Symbolic Results
m-step drift

Heavy-traffic, semi-closed form
[Mou & Maguluri "20]

No prior results

Today:
Relative arrivals + Drift [GHH’24]
Results in half of a tutorial!

/

Structural, monotonicity,

convexity results [Gupta et al. ‘06],
[Vesilo, Harchol-Balter, Scheller-Wolf’21]




Simple MAMS: 2-level arrivals

g -

of mean queue length, E[Q]

[ Goal: Simple, explicit characterization ]

[cn: P(H)? P(L)?]

[Al:P(H): % p(L) = 2 ]

CZL+(XH’ ap+ay

[ Q2: Arrival rate 17? ]

[ AD: /’lHCZL+ALC(H ]

arptay
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Drift Method: Background

Choose any random variable V.
|dea: Incieases match

Random
Variable V (t)

Time t

Thm: In stationarity, expected increase matches expected
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Drift Method: M/M/1

Example: Random variable Q2. Let’s use drift method to calculate
E[Q] 10 1

8

Q)2 °

Lo

2
O .

Timet
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Drift Method: M/M/1

QZ

o N B O 00

- |

Time

Suppose Q(t) = g. What rates of change of Q?? What amounts of change?

Increases: Arrivals : Completions
4: R f letions? Ch '
[Q3Z Rate of arrivals? Change in QZ?] [ Q4: Rate o comgze?tlons Change in ]

[AB: Rate A, change 2q + 1] [A4: Rate u, change —2q + 1, 0 except if g = O]
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Drift Method: M/M/1

[A3: Arrivals: Rate A, change 2q + 1]

8
6
4
[ A4: Completions: Rate u, change —2q + 1, exceptifg = 0 ] (2) — J

|

Q5: Expected increase, in stationarity?
Expected decrease, in stationarity?

]

[QG: Sum to 0, solve for E[Q].]

Time g
" A5: Increase: AQ2E[Q] + 1), h
Decrease: u(—2E[Q] + P(Q > 0))
L = —2uE[Q] + A )
(A6: A(2E[Q




Drift Method: Formalize

Formalize random variable with test function!

Function f mapping system states to real values. f(q) = g*.
Formalize “increases and decreases Instantaneous generator!

G o f(q) = lim— E[f(Q(t)) f(@)]Q(0) = q]

For countable-state CTMC: Just rate of change times amount of change!

Formalize drift theorem:
Thm: For any f such that E[f(Q)] < oo, the stationary drift is zero:

E[G > f(Q)] = 0.

13



Drift Method: 2-level, first attempt

Same random variable: Q* l"""‘@

Four ingredients to drift: Rate of arrivals, change due to arrivals, rate of
completions, change due to completions.

Q7: What’s different between
the M/M/1 and the 2-level?

Let Y(t) = y denote the arrival state. Y in stationarity.
State Q(t) = q,Y(t) = H: Drift due to arrivals is Ay (2g + 1)
State Q(t) = q,Y(t) = L: Drift due to arrivalsis 1, (2q + 1)

[ Q8: Expected drift due to arrivals, in stationarity? ] [A8: 2E[2,0Q] + /1]

14

[A7: Rate of arrivals is now state dependent! ]




Drift Method: 2-level, first attempt

@» elemfnl >

Apply key theorem (E[G ° Q?] = 0):

2E[A,Q] + A — 2uE[Q] + A = 0

E[AyQl —pE[Q]+4A=0
Conclusion: Q% doesn’t work for the 2-level system.

Key idea of drift method: Find the right random variable/test function
for your system.

We need to smooth out the arrival rates, get an E|[Q] drift term.
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New idea: Relative arrivals

Define A,,(t) to be the number of arrivals up

/11.1 2/1[, 02 aH:O.S,
@, =01, u=11=05

to time ¢, with the system initialized in arrival state y.

Relative arrivals: A(y) = th_)r?o(E [Ay (t)] — At)

Ay (t): Starting with
high arrival rate

8_

10 4 /

Expected 6 -

At: Long-term rate

A, (t): Starting with

arrivals 4 .-~ ACL)] low arrival rate

2 -

o
2 |

Time
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Relative Arrivals: Calculate

Equivalently, A(y) is the relative value of
a Markov Reward Process with reward /13,.

Can calculate A(y) using Poisson Equation:

ACH) = AZ;’L + A(L)

Another key fact: E[A(Y)] = 0.

° ACH)
.-
-

10 4 /
8_

A(L)

6

| | >
9 12 15

0 3
el >

A() = lim (E[4, (O] - 2t)

A_AL C(H

a; +ay ag
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Drift of Relative Arrivals

A=A

What is the drift of A(y)? Recall: A(H) = — + A(L)
H
[ Q9: What makes y change? ] [ Q9: Changing between H and L ]
[ Q10: At what rate does it change? ] [ Q10: ay, ]
A-2y
[Qll: By how much does A(y) change?] Qll: —
Yy

Alternate definition of A(y):

[ Q12: What is the drift, G o A(y)? ] [QlZ: A — ﬂy] “the test function with drift
GoA(ly) =1—A4)"

18



2 [ @ |3 ||| : >
Drift Method + Relative Arrivals g

Queue length: G o q = A, — u + ul{q = 0}

Relative arrivals: G o A(y) =1 — 4,

Constant drift: G o (q + A(y)) =A—u+ul{qg =0}

If we can get constant drift, we can get linear drift, we can get E|Q].

Magic test function/random variable: g% + 2qA(y)
Go(q?+2qA(»)) = G o q? +2q(G o A(Y)) + 2A(y)(G © q)
:\Zq(/l — ,u)’ +\2A(y)(/1y —u+plf{qg =0}) + Ay +u—pl{q = 0},
Y |

Linear! Bounded!

SIGMETRICS Tutorial, June 10th 2024 19



2-level result
G o (g% +2qA(Y)) =

el )>

2q(A — )|+ 280 (Ay, — u + pl{q = 0})

Linear! +/1y +u— lll{q — 0}

Fundamental drift theorem: E

0=
Thm:

Bounded!

G o (Q%+2QA(Y))]| =0.

2E1Q](A — p)|+

2E

A(Y)Ay] + 2pE[ACY)1{Q = 0}] + 24

FE [Q 2—level] —

p

1-p

(E[A(Y)Ay]/2+ 1) + E[A(Y)|Q = 0]

SIGMETRICS Tutorial, June 10th 2024
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el )>

BLQ*e*] = £ (BAMIA/2-+ 1) + EIA)IQ = 0

(Ag — DA —-1p)

Explicit result

Thm:

EIA(NAy] = =
/1 -
EIA(NIQ = 0] =~ (P(Y =HIQ =0~ iLaH)

Tight bounds, even just from 0 < P(Y = H|Q = 0) < 1!
“Analysis of Markovian Arrivals and Service with Applications to
Intermittent Overload”. Grosof, Hong, Harchol-Balter.
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Mean queue length E[Q]

Compare to simulation

40 -
35 -
30 -
25 A
20 -
15 4
10 A
5 -

aj, |§ Ay

0.5 0.6 0.7 0.8 0.9
Load p

Setting: Ay = 4p,A;, = 0.4p,ay = 5a;,u=1

SIGMETRICS Tutorial, June 10th 2024
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Key |deas

Design a random variable/test function to have just the right drift for

what we want.
Separate the g part of the drift from the y part of the drift.

G o (g% +29A(»)) =[2q(2 — w|+ 2A() (A, — u + ul{q = 0})
Linear! -|_/1y + u— ul{q = ()}

Bounded!

Very widely-applicable ideal

SIGMETRICS Tutorial, June 10th 2024
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Break Time!

Thm:

FE [Q 2—level] —

p

— (E[A()Ay]/A+1) + E[A(Y)|Q = O]

1-p

SIGMETRICS Tutorial, June 10th 2024
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Outline |I|I|I|I@
%ple MAMS: 2-level Arrivals
Drift Method + Relative Arrivals .
¢«— «— «— Break time >
Generalizing to Full MAMS |I|I|I|I

Applications: Fluctuating Load

A 4
A 4

Multiserver Jobs
Networks with Abandonment (e.g. Quantum switching network)
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General Markovian Arrivals & Markovian Service

Completion
rate  Hm
AL — KL

> >

Goal: Simple, explicit characterization
of mean queue length, E[Q]
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Generalizing: Relative Arrivals & Completions

Relative Arrivals: Same definition: A, (y,) = L]im (E[AyA (t)] — At)

Relative Completions: Same idea: A-(y.) = L}im (E[Cyc(t)] — At)

E[AyA(t)]: Starting with
general arrival state y,

E[Cyc (t)]: Starting with
general completions state y,

Ay (ya)

s

At: Long-term rate

Expected g -
At: Long-term rate completions4 _

Expected 6
arrivals

-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
/’
-

a1 7/ |At:longtermrate | COmpletions, { "

2 04—

0 1 | | | | > 0 | i
0 3 6 9 12 15 0 3 6 9 12 15

Time SIGMETRICS Tutorial, June 10th 2024 Time 27



Drift for MAMS |'|'|'|'

Queue length: Goq =14, — py. + Uy 1{q = 0}

Relative arrivals: G o Ay (y,) = A —4,,, Same drift as before!
Relative completions: G o Ac(y¢) = p — fy,

Constant drift: G o (q + A (V) — Ac(¥e)) =A—u + 1y 1{q = 0}
If we can get constant drift, we can get linear drift, we can get E|Q].

Magic test function/random variable: q2 + 2qA,(y4) — 2qA-(y)
G o (q* +2q84(ya) — 298¢ (V) =|2q(A — )+ f a, ¥c, 1{q = 0})

Linear! Bounded!

SIGMETRICS Tutorial, June 10th 2024 28



General MAMS Result

Thm:

E[QMAMS] — E[As(Y) Ay, |/ ‘;f[pAC(YC)MYC]/H +p B [AL(Ys) — Ap(Y)]

Ey|-]: Expectation over moments of unused service.

Tight bounds, even just from |
Ey[8a(Ya) — Ac(Yo)] € [AF™ — AR, AR — AT

SIGMETRICS Tutorial, June 10th 2024 29




Outline

%ple MAMS: 2-level Arrivals

Drift Method + Relative Arrivals

A\ 4

AN
7

A\ 4

«— «—— Break time
Generalizing to Full MAMS
Applications: Fluctuating Load
Multiserver Jobs

el )>
=
|.|.|.|.

Networks with Abandonment (e.g. Quantum switching network)
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Applications: Fluctuating Load

Example: Datacenter

Arrivals: Normal load (~), off hours (—), peak load (+), rare event (+ +)

SIGMETRICS Tutorial, June 10th 2024
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Applications: Fluctuating Load

Example: Datacenter

QL e

Arrivals: Normal load (~), off hours (—), peak load (+), rare event (+ +)
Service: Full operation (), maintenance (&R), outage ( X )

SIGMETRICS Tutorial, June 10th 2024 32



Applications: Fluctuating Load

Example: Datacenter

QL e

Arrivals: Normal load (~), off hours (—), peak load (+), rare event (+ +)

Service: Full operation (), maintenance (&R), outage ( X )

MAMS Model: Performance characterization from relative arrivals and
relative completions.

SIGMETRICS Tutorial, June 10th 2024 33



Application: Multiserver-job Model

FCES ‘Job: (duration, server need) ‘

‘ Poisson(A) |-9

!—— Server need

Sampled i.i.d. from joint distribution,

O

phase-type job durations

Simple example: 2 servers.
Distribution: (Exp(u,),1) & (Exp(u,), 2)

9

O

Goal: Simple, explicit characterization
of mean queue length, E[Q]
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Applications: Multise

ver Jobs

—>

O Jobs: (Exp(:ul)' 1)' (Exp(.UZ)) 2)

Service rate fluctuations!

. Internal fluctuation, not external.
-Q- Use MAMS anyways!

' 4
-
v

Q13: What service rates are possible?]

[ Al3: pq, 204, Uy ]

Compare with MAMS:

9
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Applications: Multiserver Jobs

> [pEEay >

Almost identical — delay sampling job type until service.

However: Different if no jobs in system. Or one job.
Same if 2+ jobs in system

“Near-MAMS” m

| Thm (RESET): E[QNear~MAMS] = E[QMAMS] 4 0,,(1)

The RESET and MARC Techniques, with Application to Multiserver-Job
Analysis. [GHHS "23]

SIGMETRICS Tutorial, June 10th 2024 36



Application: Tandem queue with abandonment

[pasont > o > |||

Coffeeshop: First, customers queue to order and pay. May abandon.
Second, customers queue to pick up their drinks. No abandonment.

\.I

-Q- ldea: First queue as Markovian Arrival process!

A A A A
Q14: Draw Markov Chain of
. Al4:
arrival rates to second queue

,Ulst ,Lllst + y ,Lllst + 2y /ilst + 3]/

SIGMETRICS Tutorial, June 10th 2024 37



Application: Tandem queue with abandonment

( *V\ ]
:‘ Poisson(A) I% Hime .@:9 Il
J/

i)

Infinite-MAMS — Uniform positive recurrence ¢‘®‘@‘®

Still define relative arrivals, A(y)
Same mean queue length result:

Myst fyst TV pgse + 2y pyse + 3y

‘ More work to bound ‘

P
2—level
ELQ*7!] = 1

r__/

(E[A(M)Ay]/2+ 1) + E[A(Y)|Q = 0]

SIGMETRICS Tutorial, June 10th 2024
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Application: Quantum switching network

1. Switch generates entangled qubit-pairs

SIGMETRICS Tutorial, June 10th 2024
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Application: Quantum switching network

1. Switch generates entangled qubit-pairs
2. Switch transmits half of entangled pair

SIGMETRICS Tutorial, June 10th 2024
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Application: Quantum switching network

RAAAAA AAAAAE AAAAAS AAAAAS  mm CTTITTITCTTTTI LTI o

1. Switch generates entangled qubit-pairs
2. Switch transmits half of entangled pair

3. Switch combines two entangled pairs to make longer-distance pair

SIGMETRICS Tutorial, June 10th 2024 41



Application: Quantum switching network

1. Switch generates entangled qubit-pairs
2. Switch transmits half of entangled pair

3. Switch combines two entangled pairs to make longer-distance pair

“Matching Queues with Abandonments in Quantum Switches: Stability
and Throughput Analysis” [ZIM]

SIGMETRICS Tutorial, June 10th 2024 42



Quantum switching: Switch perspective

Requests for longer- Qubits (halves of pairs)

distance entanglement
‘ Combine! \ __i‘\‘ﬂ
DEge
_ —

SW|tch

SIGMETRICS Tutorial, June 10th 2024
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Quantum switching: Switch perspective

Requests for longer- Qubits (halves of pairs)

distance entanglement —
|X[Bl X'-Lj Switch

r-}

B

elee

B

Goal: Simple, explicit characterization
of mean queue length, E[Q]

SIGMETRICS Tutorial, June 10th 2024
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Simplest quantum switch: Y-system

-
Requests for longer- / Qublts (halves of pairs) \

distance entanglement
‘AB AB \ \‘\‘

Switch

I

-Q' ldea: think of qubits as service-rate modulation process.

' 4
-
v

Uniform positive recurrence — Infinite-MAMS!
Alternative behavior when no requests — Near-MAMS!
Plan: Characterize E[Q] using near-MAMS + infinite-MAMS

SIGMETRICS Tutorial, June 10th 2024 45



Further Directions |-|-|-|-

 Tail performance: E[e™5?]? E[e~$(1=P)C]?
* MAMS-work: Jobs have sizes, modulate work completion rate
* MAMS & drift concepts for scheduling

* Two MAMA papers on Friday:
e 2:15pm: "Bounds on M/G/k Scheduling Under Moderate Load” [G., Wang]
* 2:45pm: "Simple Policies for Multiresource Job Scheduling” [Chen, G., Berg]

* Your application/model/setting!

46



Co

nclusion

Markovian Arrivals, Markovian Service

‘-> e

10 4
8_

Expected 6 A(H)

Relative Arrivals, Relative Completions

arrivals 4 - A(L)

2 -

>

0 3 6 9 12 15

Drift Method

8

6

4

|

o L >

Time

Simple, explicit, tight characterization of mean queue length:

EIQ21e"!) = 17— (E[AM)Ay)/2 + 1) + E[AY)|Q = 0

Applications: Fluctuating load, Multiserver jobs,
Tandem queues with abandonment, Quantum switching!
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Bonus: MAMS Plot!

350 —— Simulation, a=0.1
§ ~~~ Upper bound, a=0.1
E 3004 — .- Lower bound, a=0.1
"é\ 2504 —— Simulatiun,u’=1
w 500 — == Upper bound, a=1
% —.= Lower bound, a=1
3 150 A ,
% 10{]' -~
s
504 e
0 t——————e
0.5 0.6 0.7 0.8 0.9 1.0

Load p

Figure 6: Setting: MAMS queue with three arrivals levels: [0.3p, 2p, 2.2p|, and three completions
levels: [0.5, 1.0, 3.0]. The system remains in each arrival state and each service state for time
Ezp(a), then moves cyclically to the next rate in the list, wrapping around. Bounds given in

Corollary

5.1

| Simulated 10° arrivals.

SIGMETRICS Tutorial, June 10th 2024 48



	Slide 1: Analyzing Queues with Markovian Arrivals and Markovian Service
	Slide 2: Collaborators: Thank You!
	Slide 3: Fluctuating Load
	Slide 4: Model: Markovian Arrivals & Markovian Service
	Slide 5: Outline
	Slide 6: Simple MAMS: 2-level arrivals
	Slide 7: Prior work on Markov-modulated arrivals
	Slide 8: Simple MAMS: 2-level arrivals
	Slide 9: Drift Method: Background
	Slide 10: Drift Method: M/M/1
	Slide 11: Drift Method: M/M/1
	Slide 12: Drift Method: M/M/1
	Slide 13: Drift Method: Formalize
	Slide 14: Drift Method: 2-level, first attempt
	Slide 15: Drift Method: 2-level, first attempt
	Slide 16: New idea: Relative arrivals
	Slide 17: Relative Arrivals: Calculate
	Slide 18: Drift of Relative Arrivals
	Slide 19: Drift Method + Relative Arrivals
	Slide 20: 2-level result
	Slide 21: Explicit result
	Slide 22: Compare to simulation
	Slide 23: Key Ideas
	Slide 24: Break Time!
	Slide 25: Outline
	Slide 26: General Markovian Arrivals & Markovian Service
	Slide 27: Generalizing: Relative Arrivals & Completions
	Slide 28: Drift for MAMS
	Slide 29: General MAMS Result
	Slide 30: Outline
	Slide 31: Applications: Fluctuating Load
	Slide 32: Applications: Fluctuating Load
	Slide 33: Applications: Fluctuating Load
	Slide 34: Application: Multiserver-job Model
	Slide 35: Applications: Multiserver Jobs
	Slide 36: Applications: Multiserver Jobs
	Slide 37: Application: Tandem queue with abandonment
	Slide 38: Application: Tandem queue with abandonment
	Slide 39: Application: Quantum switching network
	Slide 40: Application: Quantum switching network
	Slide 41: Application: Quantum switching network
	Slide 42: Application: Quantum switching network
	Slide 43: Quantum switching: Switch perspective
	Slide 44: Quantum switching: Switch perspective
	Slide 45: Simplest quantum switch: Y-system
	Slide 46: Further Directions
	Slide 47: Conclusion
	Slide 48: Bonus: MAMS Plot!

